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Abstract
The Kaluza-Klein theory and Randall-Sundrum theory are examined com-
paratively, with focus on the behavior of the ve dimensional (Dirac) fermion
in the dimensional reduction to four dimensions. They are properly treated
using the Cartan formalism. In the KK case, the dual property between the
electric and magnetic dipole moments is revealed in relation to the ratio of
two massive parameters: the inverse of the radius of the extra-space circle
and the 5D fermion mass. The order estimation of the couplings is done. In
the RS case, we consider the interaction with the 5D(bulk) Higgs eld and
the gauge eld. The chiral property, localization, anomaly phenomena are
examined. We evaluate the bulk quantum eect using the method of the
induced eective action. The electric dipole moment term naturally appears.
This is a new origin of the CP-violation.
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1 Introduction
If the present research direction of the unication of forces, using the string
and the D-brane, is right, the unied theory should be, eectively at some
scale, some higher-dimensional eld theory. Then the real world of 4 dimen-
sions could be viewed as some \approximation" of the higher dimensional one.
This procedure is called dimensional reduction. There are two representative
and contrastive approaches: Kaluza-Klein (KK) and Randall-Sundrum (RS)
theories. At present there seems to be no strong reason to believe that one is
better than the other. Both have advantages and disadvantages. From the
viewpoint of the space-time unication of gauge theories, KK reduction looks
attractive. The gauge elds are nicely realized from the space-time symme-
try. In some physically-interesting points such as the chirality control, the
massless localized fermion mode and the anomaly flow, RS reduction looks
attractive. In fact many literatures on both theories have been produced
and are now being produced. In the present paper we compare the two
approaches and reveal their important features by contrasting them.
The Kaluza-Klein theory has the long history.[2, 3] It is characterized by
compactifying the extra manifold. In this procedure the radius of the compact
manifold, 1=, is introduced as the size parameter. On the other hand, in the
Randall-Sundrum model[4, 5], the localized conguration in the extra space is
utilized, instead of compactifying the extra space. In this procedure the size
parameter, 1=k, of the localization ("thickness" of the wall) is introduced.
Both approaches accomplish the dimensional reduction by adjusting the size
parameters.
In the original papers by Randall and Sundrum, the comparison between
the two models is made mainly in the mass hierarchy. Here we focus on
another aspect, that is, the magnetic and electric dipole moment terms. They
are both higher-dimensional operators (the mass-dimension 5). The former
one usually appears, in the 4D QED, as a quantum eect. The latter one
is a CP-violation term. Both ones are very important in phenomenology
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and experiments. (Their measurement could become a strong candidate to
conrm a higher dimensional unication model. See a recent interesting
paper [6].) The appearance of the CP-violating term in the KK model was
presented by Thirring very long ago[7]. The results are still important and
interesting even at the present time, but the work was done so many years
ago that the content is not so familiar to most readers. Therefore we explain
it, in the present viewpoint, in Sec.2 and 3. We regard it as a proto-type to
investigate the dimensional reduction and use it for the comparison with the
RS case. We analyze the higher-dimensional terms in the RS model. The
estimated magnitude of the electric dipole moment (EDM) and the magnetic
dipole moment (MDM) in KK case is too small to observe, while that on
the RS case can be expected to escape the case. As another approaches of
CP-violation, in the brane world context, we refer to ref.[8, 9].
In order to properly treat fermions in the general relativity, we take the
Cartan formalism[10] (See a textbook[11, 12, 13]. ). It claries the gauge
structure of the system on the local Lorentz frame. We explain it both for
the KK and for the RS geometries. Recently many brane world models are
discussed where the fermion part is the most important in relation to the
chiral property. Because the chiral property much depends on the delicate
points such as the signs () or the phases (i), it is worthwhile presenting a
strict formulation of fermion theory at the present stage of the development.
In the analysis, we take a stable brane world model[5, 14], that is one wall
RS model.
The paper consists of the following contents. In Sec.2 we review the KK
theory in the Cartan formalism. It is compared with the case of the RS the-
ory in a following section. Sec.3 treats the Dirac fermion in KK theory, where
the electric and magnetic dipole moments appear and the dual property is
stressed. In Sec.4, Randall-Sundrum theory is explained in the Cartan for-
malism. The Dirac fermion in the RS theory is explained in Sec.5. The RS
counterpart of the KK expansion appears. The eigen functions are charac-
terized by the Bessel dierential equation. The bulk (5D) Higgs mechanism
is explained in Sec.6, where the localization of the fermion is explained. The
fermion gets a mass through the Yukawa interaction with the bulk Higgs.
The 5D QED is examined in Sec.7 where the 5D bulk quantum eects pro-
duce the anomaly flow and the electric dipole moment in the eective action.
We conclude in Sec.8. Some appendixes are provided for clarifying the text.
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2 Kaluza-Klein Theory
Let us rst review the 5D Kaluza-Klein theory. This serves as the preparation
for a similar treatment of the Randall-Sundrum theory. The 5D space-time
manifold is described by the 4D coordinates xa (a = 0; 1; 2; 3) and an extra
coordinate y. We also use the notation (Xm)=(xa; y), (m = 0; 1; 2; 3; 5).
With the general 5D metric g^mn,
ds2 = g^mn(X)dX
mdXn ; (1)
we assume the S1 compactication condition for the extra space.




where −1 is the radius of the extra space circle. We specify the form of the
metric as
ds2 = gab(x)dx
adxb + e2(x)(dy − fAa(x)dxa)2 ; (3)
where gab(x); Aa(x) and (x) are all 4D quantities, namely, the 4D metric,
the U(1) gauge eld and the dilaton (Weyl scale) eld, respectively. f is a
coupling constant. This specication is based on the following additional
assumptions.
1. y is a space coordinate.





The S1 extra space fyg is here identied as the "U(1) gauge parameter
space". (This way of unication of the gauge theory and gravity should be
compared with the treatment in the RS approach where the gauge parameter
space is introduced as an internal one. )
We can generalize (3), keeping the periodicity condition (2), by taking
















where Z is the set of all integers. The appearance of the periodic function
feikyjk 2 Zg is a character of the KK approach. The eq.(3) is the zero-th
(k = 0, massless) mode of (4). We do not examine, in this paper, the role of
the massive modes (k6=0) for these boson elds.
We take the Cartan formalism to introduce Dirac fermions and to com-
pute the geometric quantities such as the connection and the Riemann curvature[7].
The basis f^g of the cotangent manifold(T pM) can be dened as the 1-form
which satises the relation:
ds2 = ^^ ^ ; diag(^) = (−1; 1; 1; 1; 1); (5)
where ;  = 0; 1; 2; 3; 5 are the local Lorentz (tangent frame) indices. ds2 is
given in (3). The fu¨nf-bein e^m is generally dened as
^ = e^mdX
m : (6)
f^g is the dual of the basis fe^  e^m@=@Xmg of the tangent manifold
(TpM). (< e^
; ^ >= 

 .) For the 4D part, we denote as ^
 =  ( =





adxb =  ;
 = ea(x)dx
a ; (7)
where gab is the same as (3), e

a and  are the 4D part of the fu¨nf-bein e^

m




a;  = ^)
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The extra component ^5¯ can be read o, from (3), as
^5¯ = e(dy − fAadxa) : (8)
Hence the fu¨nf-bein e^m and its inverse e^
m























 ; A  e a Aa : (9)
3The suffix notation taken in this article is as follows: m;n;    (Roman alphabets
beginning from the middle) are for 1+4 D general space-time coordinates; a; b;    (Roman
alphabets beginning from the first) are for 1+3 D general space-time coordinates; ; ;   
(Greek symbols beginning from the middle) are for 1+4 D local Lorentz (Minkowski)
coordinates; ; ;    (Greek symbols beginning from the first) are for 1+3 D local Lorentz
(Minkowski) coordinates. The 5-th component is explicitly denoted as ”5” for the general
coordinate and as 5¯ for the local Lorentz one. The hat symbol ” ˆ ” is used to discriminate
5D symbols from 4D symbols when it is necessary.
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The rst Cartan’s structure equation, for the torsionless case(T^  = 0), is
given by
d^ + !^ ^ ^ = T^  = 0 ; !^ + !^ = 0 ; (10)
where !^ is the connection 1-form. From this equation and eqs.(7) and (8),






















Fab = @aAb − @bAa ; F  e a e b Fab ; (11)
where ! is the 4D connection which is dened by d
 +! ^ = 0. (Note
that ! 6= !^.)
The second Cartan’s structure equation is given by




 ^ ^ : (12)
This gives the curvatures R^ as












 +    : (13)












which shows the theory of gravity, electro-magnetism and the dilaton in the
4D world. The correct sign appears in front of F F, which comes from
the choice of the extra coordinate y, in (3), as a space (not time) component.
This point was stressed by Thirring[7].
We consider the simple case  = 0 for the present purpose.
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3 Fermions in Kaluza-Klein Theory









; γ ] + m^
}
 ^ = 0 : (15)
m^ is the mass parameter of the 5D fermion (−1 < m^ < 1). 4 The spin





. (Local Lorentz suxes
are lowered or raised by the 5D Minkowski metric ^ or ^
 respectively.)
The 5D Dirac matrix γ satises fγ; γg = 2^ . For simplicity we switch
o the 4D gravity: ea ! a ; ! ! 0. In the present case, using (9) and
(11), the eq.(15) says
{




5[γa; γb] + m^
}
 ^ = 0 ; (16)
where @5 = @=@y.
(A) Charged Fermion
Corresponding to a massive mode in the 4D reduction (4), we consider the
following form for a charged fermion.
 ^(x; y) = ei(γ
5+y) (x) : (17)
Here we regard the charged fermion as a KK-massive mode. The angle





m^2 + 2 M :





< 2  0 for m^ > 0;   2 < 3
2
for m^ < 0 :
(ii) m^ = 0 : 2 = −
2
; (18)
where (γ5)2 = 1; eiγ
5
= cos + iγ5 sin; is used. See Fig.1.






+M( ) e+M( )
-
eM( )-eM( )
Fig.1 The angle parameter  which denes the 4D charged fermion in the
KK dimensional reduction (17). m^ is the 5D fermion mass parameter, −1
is the size of the extra compact manifold.
−=2 < 2  0 for m^ > 0;  < 2 < 3=2 for m^ < 0; 2 = −=2 for m^ = 0.
The upper half region gives the same 4D fermion action as the lower half
region by the transformation  ! γ5 .
Then (16) reduces to
{







 = 0 ; (19)
where e  f is the electric coupling constant. M is identied as a 4D
fermion mass. 5 We notice, in this expression, the EDM and the MDM





mˆ2 + 2 = −M :





< 2   for mˆ > 0; 0  2 < 
2
for mˆ < 0 :




Then the 4D equation (19) is replaced by{





 = 0 ; (21)
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5 + icM )[γ
a; γb] ; cE  m^
M
; cM  −
M
: (22)
The rst term(EDM) violates the CP symmetry. The coecient depends
on the sign besides the absolute value of m^. Writing the two coecients as
(cE; cM)  (m^=M;−=M), we can consider the following two limits:
(i) CP-preserved limit [Small radius limit, 4D limit ] 6
m^=! 0, (cE ; cM) = (0;−1), 2! (=2− 0);
(ii) CP-extremely-violated limit [Large radius limit, 5D limit ]
m^=! 1, (cE ; cM) = (1; 0), 2! 0.
Note that the MDM term usually appears, in the 4D QED, as the quantum
eect.
(B) Neutral Fermion
We regard the neutral fermion as the zero mode of the KK-expansion.




5[γa; γb] + m^
}
 (x) = 0 : (23)
Only the EDM term appears. This case is also realized by letting e! 0; !
0 keeping e= = f(xed) in (19). Although the fermion has no charge, the
dipole moment appears as the limit (ii).
Let us do the order estimation. From the reduction














F F +   ) ;(24)
See the upper half region of Fig.1. But this case reduces to (19) by the transformation
 ! γ5 .
6If we regard the 4D charged fermion as the N -th KK mode,  in (17) is replaced by










 1 ; (25)
whereG is the (4D) gravitational constant. This gives f  pG = 10−19GeV−1.
On the other hand, we know e = f  10−1. Hence we obtain   10−1f−1 
1018GeV. We originally have 4 dimensional parameters, m^; ;G5 and f .
Among them we have 2 relations (25) from the observation. We have an-
other restriction among them from the present theoretical knowledge. The
most natural interpretation of the parameters is that −1 is the infrared reg-
ularization, m^ is the energy scale of this 5D KK system. Then the validity







100 jm^j ; (26)
and this reduces to, through the previous parameter relations and values,
jm^j  1019GeV.
Now we consider the following three cases in order to evaluate the EDM
and MDM couplings.
(0) jm^j  





 10−32 e cm : (27)
Both electric and magnetic moment terms equally appear. In this case,
however, the theoretical restriction (26) is hardly satised.
(i) jm^j  (small radius), CP-preserved limit









 10−32 e cm ; jcEj  jcM j : (28)
In this case the EDM coupling is suppressed by the factor of the mass pa-
rameter ratio jmˆj

( 1). The theoretical restriction (26) is satised, hence
this parameter region is well controlled theoretically.
(ii) jm^j  (large radius), CP-extremely-violated limit





 10−32 e cm ; e
M
 jm^j  10
−32 e cm ; jcEj  jcM j : (29)
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In this case the MDM coupling is suppressed by the factor jmˆj( 1). The
theoretical restriction (26), however, is not satised. This imply the 5D
quantum eect can not be negligible in this parameter region.
We note that the ratio of the two massive parameters, (the radius of
the extra space)−1  and the 5D fermion mass m^, controls the dual aspect
(electric versus magnetic) of the theory. This point will be compared with
the RS case later.
As for the EDM, all cases are far below the experimental upper bound,
for example, the neutron EDM is 6:3 10−26e cm[15]. As for the MDM, we
know, (from the formula of the quantum eect of 4D QED: eh=2mc,) the
order of the observed values are 10−11 e cm for the electron, 10−14 e cm for
the proton, 10−16 e cm for the top quark. The prediction of 5D KK theory
is superweak compared with these values. Hence the present model is viable
but quantitatively not so attractive. We are, at present, content with the
qualitatively interesting point.
Thirring[7] showed that the CP-violating term appears not because the
discrete symmetries (charge conjugation, parity and time reversal) do not
exist in the Dirac equation (19), but because they appear in a dierent form
from the ordinary one.
4 Randall-Sundrum Theory in the Cartan For-
malism
Let us formulate the RS theory in the Cartan formalism. We consider the
following 5D space-time geometry[4, 5].
ds2 = e−2(y)abdxadxb + dy2 = g^mndXmdXn ;
−1 < y < +1 ; −1 < xa < +1 ; (30)
where (y) is a "scale factor" eld. (ab) = diag(−1; 1; 1; 1). When the
geometry is AdS5, (y) = cjyj; c > 0. [ Such a situation, in the present case,
occurs in the asymptotic region of the extra space y ! 1.[14, 20]] Note
that the "scale factor" eld (y) depends only on the extra coordinate y and
controls the 4D metric part abdx
adxb, whereas the corresponding eld (x)
in the KK case of (3) depends only on the 4D coordinates xa and mainly
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controls the extra part (dy)2. As in Sec.2, we introduce the local Lorentz
frame as
ds2 = ^^ ^ ; (^) = diag(−1; 1; 1; 1; 1) : (31)
The 1-form ^, the basis of the cotangent manifold T pM , is given by
^ = e−adx
a ; ^5 = dy ; (32)














Taking 1-form ^ of (32), and compare the results with the 1st Cartan’s
structure equation (10), we obtain the connection 1-form !^ as
!^5¯5¯ = 0 ; !^

5¯ = −!^ 5¯ = −0 ; !^5¯ = −!^ 5¯ = 0 ; !^ = 0 ;(34)
where 0 = d
dy
.
Further explanation of the RS geometry in the Cartan formalism is done
in App.B where the more general coordinate is considered.
5 Fermions in Randall-Sundrum Theory











; γ ] + m^(y)
}
 ^
= ie−3 ^ fγa@a − 2e−(0 − 1
2
@y)γ









5 + m^(y)e−g(e− 32 ^) ; (35)
where m^ is the 5D fermion mass −1 < m^ < +1. For the later use, we here
allow m^ to have the y-dependence : m^ = m^(y). 7 The special case of this
result, m^ = 0, coincides with an equation cited in [16].
7The situation is realized by the bulk Higgs mechanism treated in Sec.6.
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Let us do the dimensional reduction from 5D to 4D [17, 18, 16]. We take
the following form of expansion.
 ^(x; y) =
∑
k
( kL(x)k(y) +  
k
R(x)k(y));
γ5 L(x) = − L(x) ; γ5 R(x) = + R(x) ; (36)
where fk(y); k(y)g is a complete set of some eigenfunctions to be deter-
mined. This expansion corresponds to (4) and (17) in the Kaluza-Klein case.
The role of the periodic eigenfunctions feikyg is here played by fk(y); k(y)g.
For simplicity, we consider the "5D-parity" even case for  ^(x; y).
γ5 ^(x;−y) = + ^(x; y) : (37)
(The odd case is similarly examined.) This requires n(y) to be an odd func-
tion and n(y) to be an even function with respect to the Z2 transformation
y $ −y.
n(−y) = −n(y) ; n(−y) = +n(y) : (38)
From these we get the following important boundary conditions.
n(0) = 0 (Dirichlet) ; @ynjy=0 = 0 (Neumann) : (39)









fγa@a nL ~n − e−(
0
2




+e−m^(y)( nL ~n +  
n
R~n)g ; (40)
where we dene ~n  e− 32n and ~n  e− 32n.




− @y)~n + e−m^(y)~n = mn~n ; −e−(
0
2
− @y)~n + e−m^(y)~n = mn ~n ;(41)





dy ~n(y)~m(y) = nm ;∫ 1
−1
dy ~n(y)~m(y) = 0 : (42)
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f  nL(γa@a nL +mn nR) +  nR(γa@a nR +mn nL)g :(43)
The information of this fermion dynamics now is in the set of the eigen values
fmng determined by (41).
From the coupled equation (41) with respect to ~n and ~n, we get the






02 + 20@y − m^(y)0 + m^(y)2 − @y2 + m^(y)0]~n = mn2~n : (44)
(We can obtain a similar one for ~n.) For simplicity, we consider the thin
wall limit:
(y) = !jyj ; 0(y) = !(y) ; 00(y) = 2!(y) ;
m^(y) = ~m(y) ; m^0(y) = 2 ~m(y) ; (45)
where !(> 0) and ~m(> 0) are some constants. (y) is the "sign" function:
(y) = 1 for y > 0 and (y) = −1 for y < 0 (0(y) = 2(y)). In this limit,
the equation (44) can be explicitly solved.
e−2!jyj[(! + 2 ~m)(y)− 3
4
!2 + 2!(y)@y − ~m! + ~m2 − @y2]~n = mn2~n ;(46)
where (y)2 = 1 is used. The presence of (y) indicates a singularity of the
solution at y = 0. Let us see the solution in the region y > 0. In terms
of a new coordinate z  1
!








2g~n = 0 ;









n(z) = zfJ(mnz) + cnN(mnz)g ;




where cn is determined by the Dirichlet boundary condition (39). J(z)
and N(z) are two independent Bessel functions. With the above explicit
solution of ~n, we can obtain ~n using the rst equation of (41). Another
boundary condition (Neumann) on n (39) gives us the set fmng as the zeros
of some combination of Bessel functions. ( For the special cases ~m = 0 (no
5D fermion mass) or ~m=! = 1, the eigen functions reduces to J1=2(z) =√
2=z sin z; N1=2(z) = −J−1=2(z) = −
√
2=z cos z. The former case is that
one considered in [16]. In these cases, however, the fermion localization does
not occur in the present one wall model. See Sec.6. )
We now understand that the periodic eigen functions feikyg in the KK
case ((4) and (17)) correspond to fk(y); k(y)g specied by (41). Only for
the thin wall limit, they are explicitly solved by Bessel functions. Although
we do not require the compactness of the extra space, the eigen values are
S1-like. This is due to the Z2 symmetry requirement (37).
The importance of the 5D mass "function" m^(y) is now clear. In the
next section, explain its origin in the bulk eld theory. Nature requires the
Yukawa interaction between the 5D fermion and the 5D Higgs[19].
6 Bulk Higgs Mechanism
One of the most important characters of the brane world model is the mass-
less chiral fermion localization. It is phenomenologically attractive because
the smallness of the quark and lepton masses could be naturally explained.
Theoretically it is also necessary as the dimensional reduction mechanism.
The feature comes from the Z2 (y $ −y) properties of the system. The most
natural way to introduce the properties is to use the Higgs mechanism in the
bulk world.
Let us examine the case the fermion system has the Yukawa coupling with




−g^(LDirac + LY ) ; LY = igY ^  ^ ; (49)
where the Higgs eld  is the 5D(bulk) scalar eld and gY is the Yukawa
coupling. We assume that the Higgs eld, besides the "scale factor" eld
(y), is some background given by the (classical) eld equation of the 5D
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gravity-Higgs system. √
−g^(Lgrav + LS) ;
Lgrav = −1
2G5
R^ ; LS = −1
2
rmrm− V () ; ; (50)
where V () is the ordinary Higgs potential. In ref.[14, 20], it is shown that
the above gravity-Higgs system has a stable kink (domain wall) solution for




+!; ky ! +1
−!; ky ! −1 ; (y) =
{
+v0; ky ! +1
−v0; ky ! −1 ; (51)
where k(the inverse of thickness), !(brane tension) and v0(5D Higgs vacuum
expectation value) are some positive constants expressed by a free parameter,
the vacuum parameters and the 5D gravitational constant. Near the origin
of the extra axis (kjyj  1), they behave as
0(y) = ! tanh(ky) ; (y) = v0 tanh(ky) : (52)
The dimensional reduction to 4D is performed by taking the the thin wall




where rc is the infrared cuto of the extra axis (−rc < y < rc). (See ref.[14].)
In this limit, above quantities behave as 0(y) ! !(y); (y) ! v0(y). All
dimensional parameters are a) G5
−1=3: 5D Planck mass; b) jm^j = gY v0: 5D
fermion mass; c) k−1: thickness of the domain; d) rc: Infrared regularization
of the extra axis. Among them there exists a theoretical restriction from the





 k ; (54)
The 5D Dirac equation of (49) is given by (cf. eq.(35)),
iefγa@a − 2e−(0 − 1
2
@y)γ
5 + gY e








Fig.2 Behavior of the fermion along the extra axis.
This is just the lagragian of (35) with m^(y) = gY (y). Let us examine a
solution of the right chirality zero mode.
 ^(x; y) =  0R(x)(y) ; γ





R = 0 : (56)
The equation (55) reduces to
@y = (2
0 + gY (y)) : (57)
In the IR asymptotic region(kjyj  1), the solution behaves as
(y) = const e−(gY v0−2!)jyj ; (58)
which shows the exponentially damping for the large yukawa coupling gY >
2!=v0[19]. This is called massless chiral fermion localization. Near the origin
of the extra axis(kjyj  1), (y) behaves as
(y) = const e− k2 (gY v0−2!)y2 ; (59)
which shows the Gaussian damping. The behavior is shown in Fig.2. It
shows the regular property of the solution. For the left chirality zero-mode,
we can show the same behavior using the anti-kink solution instead of the
kink solution (51).
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7 Five Dimensional QED and Bulk Quantum
Effect
Let us examine the 5D QED, LQED = −e ^ γe^ m  ^Am, with the Yukawa
interaction in RS geometry. 8
√




















The kinetic (propagator) part for the electromagnetic, gravitational and
Higgs elds is provided by
√




where Lgrav;LS are given in (50). We assume, as in Sect.5 and 6, g^mn and
 are the brane background obtained as the stable solution of the system
Lgrav + LS.
We have introduced the Yukawa coupling in order to localize the fermion
on the wall. The model, however, is still unsatisfactory in that the vector
(gauge) eld is not localized[19]. One resolution is to take 6D model[21]. Here
we are content only with the fermion part and do not pursue this problem.
Let us examine the bulk quantum eect. It induces the 5D eective action
Seff which reduces to a 4D action in the thin wall limit. From the diagram





< J > e2gY F F  : (62)






F F  : (63)
8The U(1) gauge space is here an internal space: Am ! Am + @mΛ(X);  ˆ !
exp(−ieΛ(X))  ˆ. This should be compared with the case of KK where the U(1) gauge




















In the thin wall limit we may approximate as  = (y)  v0(y) where (y)
is the step function. (See the description below (52).) Under the U(1) gauge











d5Xf@( (y)F F  )− 5(y)F F g
= −e2gY v0
∫
d4x(x)F  ~F ; (64)
where ~F  γF γ. In the above we assume that the boundary term
vanishes. Callan and Harvey interpreted this result as the "anomaly flow"
between the boundary (our 4D world) and the bulk[22]. Through the analysis
of the induced action in the bulk, we can see the dual aspect of the 4D QED.









< J > e2gY @^   ^ : (65)
Then S
(2)
eff is obtained as, in the thin wall limit,
S
(2)




   ^
= e2gY v0γ
∫
d4xF   γ = e2gY v0
∫
d4xF   γ5 : (66)
This term is the EDM term of (22). It violates the CP-symmetry. The cou-
pling depends on the vacuum expectation value of , v0 =<  > which are,
at present, not known. In order to estimate the magnitude of the coupling,
it is necessary to apply this model to the quark-lepton (electro-weak) theory
and x the values. We expect the magnitude could be suciently large so
that the result can be tested by present or near-future experiments.
The appearance of the EDM term corresponds to the CP-extremely-
violated case (ii) jm^j   of Sec.3. We compare the parameter relation
with the thin wall relation (53) k  1=rc. Because the parameter  in KK
case corresponds to 1=rc in RS case, we notice the 5D fermion mass in KK
case (jm^j) corresponds to the inverse of the thickness in RS case (k).
The more fascinating view on the correspondence is that the RS approach
and the KK one are "dual" each other. We compare the above thin wall limit
with the small radius limit (i) jm^j   of Sec.3 where CP is preserved. The
thin wall limit, which is regarded as the dimensional reduction, can be con-
sistently taken in RS model and EDM term naturally appears there. The
theoretical treatment is justied as far as the relations (53) and (54) are satis-
ed: 1= 3
p
G5  k  1=rc. While, in the KK case, the dimensional reduction
takes place in the case (i) of Sec.3, which can be controlled theoretically as





100   jm^j is satised. MDM term
naturally appears here.
In the eective action evaluation, the bulk Higgs eld (y) plays an im-
portant role. It serves as a bridge between the bulk world and the 4D world.
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8 Discussion and Conclusion
Recently the higher dimensional (5D,6D) theories (with a boundary term)
have been vigorously investigated in order to make them some consistent
quantum eld theories. In the past they were not so seriously examined
because the renormalizability condition strictly excludes the higher dimen-
sional theories. (One of few exceptions is the success of the vacuum energy
calculation of the 5D Kaluza-Klein theory [23].) This past attitude was
changed by the progress of the string and D-brane physics. Especially the
AdS/CFT correspondence[24] gave us the image of the 4D world as a bound-
ary of a higher dimensional space-time. The most crucial point is to nd
how the ordinary 4D quantum eld theory is generalized. The treatment
of the extra axis(es) become the central concern. In this point, some inter-
esting proposals begin to be given by Goldberger-Wise[25] and by Randall-
Schwartz[26, 27]. Both regard the extra space as the scale parameter space of
the renormalization group. Renormalization flow moves in the extra space.
New regularizations[28] are also proposed in order to regularize the summa-
tion over the all KK modes in the extra space direction. We comment that, in
connection with the chiral determinant calculation based on the domain wall
conguration in the 5D space-time, a new regularization is proposed[29, 30],
where the extra space is regarded as the temperature (proper time) space.
The present approach to this bulk quantum theory is dierent from the above
ones. We take the induced eective action method. It has been used in rela-
tion to the chiral and Weyl anomalies. Famous successful ones are 2D WZNW
model derived from the 2D QCD [31] and 2D induced quantum gravity[32].
We have examined mainly the thin wall limit. In order to examine the cong-
uration o the limit, we must take into account the new proposals mentioned
above. We should pursue this line of research.
We have comparatively examined the KK model and the RS model. Both
have attractive features as the higher dimensional unication models. Using
the Cartan formalism, fermions are properly treated. The KK expansion and
the RS expansion are compared. The periodic functions appear in the former
case, while the Bessel functions characteristically appear in the latter case.
The dual property is controlled by two scale parameters, m^ and  in the KK
case whereas k and rc in the RS case. In particular we stress that, as was
pointed out by Thirring for the KK case, the CP-violation term naturally
appears also in the RS model.
21
Finally we list the correspondence in Table 1.
Kaluza-Klein Randall-Sundrum
electric charge e = f, f :free para. e:free para.
U(1) sym. y ! y + (x); Am ! Am + @m
Aa(x) ! Aa(x) + 1f @a (Xm) = (xa; y): xed
asym. geometry S1 M4 AdS5
physical scale m^ :5D fermion mass k :(thickness)−1
global size −1 :radius of extra S1 rc :IR cuto
y ! y + 2−1 −rc  y  rc
dimensional  m^ k  1=rc
reduction cond. small radius limit thin-wall limit




100 m^ 1= 3pG5  k
condition
eigen functions eiky; k 2 Z J(mkz); N(mkz);  = j12 − m^=!j
periodic func. k 2 Z,Bessel func.
CP property MDM in small radius EDM in thin wall
limit, CP-preserved limit, CP-violated
Table 1 Comparison of KK model and RS model.
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9 Appendix A 5D Dirac Matrix
In order to clearly discuss (5D) Dirac equation, we must x the representation
of the gamma matrices. The signs and phases appearing in the text depend on
the convention. We take the Majorana representation for the Dirac matrix.
fγ; γg = 2 ; () = diag(−1; 1; 1; 1; 1) ;
;  = 0; 1; 2; 3; 5
































where i(i = 1; 2; 3) are the Pauli matrices: 1 = (0; 1=1; 0); 2 = (0;−i=i; 0); 3 =
(1; 0=0;−1). The above gamma matrices have the following properties.
 γ0; γ1; γ2; γ3 are real matrices, while γ5 is pure imaginary.
 γ1; γ2; γ3; γ5 are hermitian, while γ0 is anti-hermitian. γ0γyγ0 = γ
 γ1; γ2; γ3 are symmetric, while γ0; γ5 are anti-symmetric.
 γ02 = −1; γ12 = γ22 = γ32 = γ52 = 1
10 Appendix B Randall-Sundrum Geometry
in the Cartan Formalism
We take the more general metric than (30) which is useful when the coordi-
nate y taken in the text is transformed to another coordinates.




−1 < xa < +1 ; (ab) = diag(−1; 1; 1; 1) ; (68)
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where a; b = 0; 1; 2; 3. The coordinate taken in the text is the case: F (z) =
2. If we denote this coordinate as y as in the text, its coordinate region
is −1 < y < +1 which shows non-compactness. We can transform to





< z < 1
2





; F (z) = (2=) cos2(z). Then the 5D metric is given as
ds2 = g^mndX









where m;n = 0; 1; 2; 3; 5. From these the basis of the cotangent manifold
TpM, 
, is given as
ds2 =  ^ ; (^) = diag(−1; 1; 1; 1; 1) ;
 = e−a dx
























where e m is the inverse of e

m. The basis of the tangent manifold TpM, e,
is given by















feg = fe; e5¯g and fg = f; 5¯g constitute the non-coordinate basis,
while fem  @@Xmg = f @@xa ; @@zg and fdXmg = fdxa; dzg constitute the coor-
dinate basis.
9These coordinates are important to give some renormalization group interpretation to
the RS model[33].
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The Lie algebra between feg is obtained as




The "structure constants", c  , are read as
[e; e ] = c

 e;
c  = c

5¯5¯ = 0 ; c

5¯ = −c 5¯ =
1
2
F0  ; c
5¯
5¯ = −c 5¯5¯ = 0 : (74)
The rst Cartan’s structure equation, for the tortionless case, is given by
d + ! ^  = T  = 0 ; (75)
where ! is the connection one-form. Using the obtained expression of 
,
the above equation serves for xing the connection.
(i)  =  ;  = e−dx :
!5¯ = −! 5¯ = −
0
2
F5¯ ; ! = 0 ;







F ;  = 

(iii) ! = −! ; ! = −!  :
!5¯5¯ = 0 : (76)








 ^  ; (77)
where R is the curvature 2-form. They are given as
(i) = ;  =  :
R5¯5¯ = R

γ5¯ = −R5¯γ = 0 ; Rγ = −
02
4
F 2(γ  −  γ) ;
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(ii) = 5;  = 5 :
R5¯5¯ = 0 ;
(iii) = ;  = 5 :
R5¯5¯ = −R5¯5¯ = −
1
4
(0F e−)0F e ;
(iv) = 5 ;  =  :
R5¯5¯ = −R5¯5¯ =
1
4
(0F e−)0F e : (78)











 ; Rmn = R
k
mnk ;
R55 = − 4
F
(00F + 0F 0 − 02F ) ;
Rab = −1
4
F e−2(00F + 0F 0 − 402F )ab ; R5a = Ra5 = 0 : (79)















5¯5¯ = 0 :
(ii) !5¯5¯ = !

 = 0 :
Γ5¯5¯ = Γ

 = 0 : (especially Γ











5¯ = 0 : (80)
Note that generally Γ 6= Γ. Indeed the above result satises the tor-
tionless condition, for example, T 5¯  Γ5¯ − Γ5¯ − c 5¯ = 0.






























F 2e−2ab ; Γa5b = Γ
a
b5 = −0ab : (82)
The connection coecient with the "mixed type" Γm , is dened by










(i) !5¯5¯ = 0 ; !

 = 0 :
Γ5¯m5¯ = Γ

m = 0 ;



















F e−a : (84)
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